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1. Introduction. The phenomenon of electro-osmosis was, at first,
discovered by Reuss, Russian scientist, on 1808. Since then, many autho-
rities have been in research on this subject. The phenomenon takes
place in the following familiar experiment: the bath is separated by
a membrane (for examples, porcelain, texture and glass powder etc.) as
+ — shown in Fig. 1. The electrodes are inserted in each

chamber and the electromotive-force is applied be-
tween them. Then, the liquid flows out through
capillaries of membrane under the applied electric
force, the level of one chamber being raised up over
that of the other.

The mechanism for this phenomenon is consider-

[ U ed to be due to the electric double layers existed on

- —= — the surface of capillary wall. This theory was chiefly

Fig. 1. treated by Helmholtz, Lamb, Smoluchowski and
others, and the very simplified following equation was dedused :

_CvbA _
W= Ao, " T (1)

where W is the quantity of liquid flowed out per unit time; A, the area of
capillary; L, the length of capillary; ¢, the potential of double layers;
V, the applied electric field; D, the dielectric constant of liquid; g, the
coefficient of viscosity of liquid.

But, we can also treat the theory of electro-osmosis in far more details
under some assumptions. The purpose of this paper is to present one of
these methodes carried out, as follows.

2. Electrical Condition in Capillary. Generally, at the surface of
separation of two different materials, the ionic balance differs from that in
the inner part of them. One kind of ion, positive or negative, accumulates
there over the another kind of ion, according to the electrical properties of
these materials.
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The electrical condition in eapillary is an interesting problem on the
physical point of view. In our problem, the variation in configuration of
electric charges takes place only in the capillary, because the solution in
capillary are far more ionized than the materials of capillary wall.

For the convenience to the mathematical treatment, here we use the
eylindrical coordinates (r, 0, z), z-axis being coincided with the axis of capil-
lary as shown in Fig. 2. To neglect the effect
of its terminals, the capillary is of infinite
length for both directions of z.

Let ¢, be the potential;

P, the electric charge;
T, the absolute temperature;
C, the concentration ;
D, the dielectric constant of liquid ;
R
k,

R

, the radius of‘capillary ;
Boltzmann’s constant ;
F, Faraday’s constant. X7 :
The following two relations are established Fig. 2.
in this case:
(a) Equation of Poisson.
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(b) Maxwell-Baltzmann’s distribution law. For the sake of simplicity,
we take up the special case of monovalent ion as follows. That is,

P ol (oo VP 3)

+F

_&F P

.._FCO(e kT —ekT

=—FCysinh-2F . 4
b sinh-2 75 (4)

where C, is the concentration for ¢=0.
For the small quantity of(%g,;), we can neglect the higher power of

( ) and obtam the simplified equation:

_ 2C,F?
p=20 ®)
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From (2) and (5),

P9 , 1 29 _ 8aF*Co
dp="1T 4+ = T = =20, cennnnnns 6
oy ar  DET ° ¢ ©
where x= 8nF*Co. , BAY v vheeeairieieasercaeanen (7
EDT

Also from (5) and (7),

p=-f;-')— PO o ittt (8)

T

The solution of (6) is given by ;
o= Cilo(@er) +CoYo(ixr) , vvvveiiiiiennnnnns 9

where C; and C: are the integration constants to be determined from the
boundary conditions; Jo and Y, are Bessel functions of zeroth order of
first and second kind respectively.

For r=0, ¢ does not become infinite. That is, C>=0.

At the surface of separation (capillary wall) r= R, we have

P=@0 5 essssessssssssssssssscs (10)
2 4
and %=—5’5 O s eeenereeieaas (11)

where 7, is the surface density of charge at the separation.

F 10), Ci=— s 12
rom (10) 1 TuicB) (12)
or, from (11) [E‘P—J = — CyinJi(@xR) = —27 1y
1 ’ a’r r-R D [l H]
Ci=—ANo (13)

" Dix@xR)

But, from equation (8), the total charge in capillary per unit length is
given by

R R
2|, por dr=2n 4% 2G| rir)ar
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_ _ 27RDuxJy(12R)Cy
4r

This is, the total charge in capillary is equal to the total surface charge
at the surface of capillary wall in amount but with opposite sign. This is
the condition which satisfies our problems.

The distribution of potential is:

— o Jolir)
o=q¢o TolixR) [from (12),] ....ccevunnnn 15)
= AmJoleT) reor (18)] i, 16
Dirdi(ixE) [from (18),] ..... (16)
and [ﬁp]r-o:zﬁﬂ* == ___.i'i_n_
J@R) an
— 4?!1"0
DixJy (ixR)
— g dmmedoC) 1
and [?]r-R ¢ DidieR) T ( 8)
The distribution of charge is:
o= DPeodoinr) oo )1 L
P 4eo(irR) [from (12),] .. (19)
=_"a'?;li(ﬂgg)__ [from (13),] «veevennnnn. (20)
D2
and [P r-a=P* —._-—‘l.'90__.._
dndo@R) | @1)
= X0
1J1(12R)
and [op="D000 — ol &B) 22)

4rn 2J1(1xR)
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The distribution of charges is shown in Fig. 3.

From the fact mentioned in (14), we
can replace this configuration by the effec-
tive condenser. This is the so-called
condenser-like-configuration of electrical
double layers. Let a and b the radii of in-
ner and outer concentric cylinders respec-
tively, then the capacity per unit length is

D

b
| 2 log(-,-)
4 the distance between two concentric
cylinders, we have

given by Therefore, putting

D D

= =@, Y .+ ceieieaaa (24)
b R
210&'(?) 2log 5=
. D
Therefore, we have 3=R(1—e %) S heteeeaieaieeracantaaas (25)
where q=.gﬂpf‘%f_=ﬁwi e ieennes (26)

o—o*  2(Jy(ixR)—1)

Actually, in some cases, one part of ions in capillary are adsorbed on
the capillary wall by the specific adsorption, -as
shown in Fig. 4. Then the distributions of poten-
tial and charge are far more complicate than that
discussed above.? But, here we will not enter
into these subjects further.

And, for the mixture of polivalent ions, the
equations become complicate, but the just similar
considerations are also to be carried out.

3. Electro-osmotic Flow in Capillary. Let
us consider the steady motion of liquid through
capillary under applied electric force.

Let us take the coordinates the same used in Section 2, and also

v, be the velocity of flow;
p, the pressure;

Fig. 4.

(1) Cf.’0. Stern, Z. Elektrochem., 307(1923), 508.
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d, the density;
p, the coefficient of viscosity ;
v, the kinematic coefficient of viscosity (=#/d);
E, the applied electric field intensity.
For a considerable small capillary, it is questionable whether g, v and
D are given by their normal values or not. Although this problem is im-
portant, it is not yet been made clear now.
The lines of flow in this case are all parallel to the z-axis :

’b‘xz—“b’yto .
As the liquid is considered to be imcompressible, we have also

o v _
oz oz ’

that is, v is the function of «# and ¥, but not of z.

The electric charges are set in motion under the applied electric force
toward the electrode of opposite sign. And the liquid element is, too, acted
by the force due to the resultant volume charges which are contained in it.
Here, we assume that the distribution of charges in this case is the same as
that discussed in section 2 and that the body force acting on the liquid
element is equal to that on the resultant volume charges in it. Then, the
body force is given by :

K=EF(C,—C.)=pE=p"Jli) E=KuJo(ixt) , ... @7)
h Ky=Ep*=—Fm ... e 28
where == R) (28)

Resulting from these considerations, the following equation of hydro-
dynamies for viscous liquid is applicable :

K__cli_ grad p+ovdv=0 , ...t (29)
. 1 ap 1 3 v )
KoJo(inr)—— 4y — —(r=—)=0 . ... (80
or oJo(txr) T2 T ar r 3 (30)
Differentiating (30) with 2z, we have
p _
022 =0,
therefore ﬂ=a C hetereciieetaecesaeneas (31)
oz

where @ is the integration constant.
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Inserting (81) into (30) and integrating with » twice, then we have

v="0_r2_ K qonirAlogriB. ........ 32)
4p 2y
where A and B are the integration constants. The boundary conditions are :
(i) v is not infinite at »=0; A=0. (33)
(ii) The liquid is not in motion on the surface of capillary wall;
[v)r-2=0 .
So p=KoJo(@R) & po (34)
Py 4u
_ 1 a Ko . .
Therefore, o= e (P—R?) + i [Jo(ixR)—Jo(ixr)] . ..... (35)
7 v

Now, let the length of capillary be L (L) R) and the pressures at two
ends be p; and p. respectively, then

W (m—p) '
% =q= T et eeiaeaae (36)
So v=01—P) (p2_ r2)+— [Jo(ixR) —Jo(ir)] - -... (37)

4pulL

If the pressure difference between two ends of capillary be very small
compared with the body foree acting on the liquid,
then we can neglect the first term in (37) :

o= Ifg o(rR) —Jolox)] s - ... 38)
which is shown in Fig. 5.

The quantity of liquid flowed out through
capillary per unit time is

W=2njfw dr

_ (p1—m) 27K, [ R? ?,RJl(sz)
e SICONS ] ... (39)
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Also, if we neglect the first term, we obtain

[J (xR) + ZU;SiIR)] e (40)

W,f= ;‘TREKO

If we can balance the hydrostatic force and the electric force,
WwW=0,

p—p_ P __ 8K [ 4 2iJ1(ixR)
or 2 F Sk [Ju(’be)-{- i ] .. (4D

The electric charges are transfered by the flow of liquid. This amount
per unit time is given by the equation:

R
Q= ZRL pvrdr

=2,1j:r,o%(w) [4% (*—R?) + ffg (aﬁ:(ixR)—Ja(iﬂ))] dr

- L;;R—Z_ nsm B [ [z %) [amam)

+[J1(¢XR)]2} TR s (42)

When a=0, the first term in (42) vanishes as in the equation (38) and (40).

4. Electric Current through Capillary. In the present section, we con-
sider the electric current through capillary. From Section 2, we can obtain
the values of the charges:

_oF
pr=FCe BT . e (43)
i-;.-FColl—f"’F }_FC {1 2F—CDJ0(W)} ...... (44)

_¢F
pomFC FT . e (45)
- FC, {1+ zF -}-—FCo{ 1, 0 J.;(m)} ..... (46)

The electric current (I) required is given by the equation:

1=E(M,+p-M-) 5, covviiiiiiiiiiiiians 47)
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'R
and I=2n50 AP e e (48)

where m. and m- are the mobilities of ions. The electro-osmotic flow takes
place in capillary as has treated in Section 3. For example, let the
electro-osmotic flow be directed from the positive electrode to the negative,
then, the negative charges are prevented their motion by the flow, and
contrary to it, the positive charges are promoted their motion. Therefore,
the mobility is smaller for negative ions and greater for positive ones than
the normal values, and moreover differs from place to place as velosity does.
But, as far as this flow is very small, this deviation is also small. In
general, the mobility will be smaller in such a small capillary than in a
normal free state.

But assuming here m. and m_ to be their normal values, then we have
from (44), (46), (47) and (48),

£=EFC¢.[{1 o )Ja(?,xr)} m.+ {1 ( - )Jo(zx'r)} ] . (49)
and
I= 2nEFCuJ:[(m-+ +m_)r—(m, ~m_)( > ;,CD )':'Jo(ixr)] dr

= EFCoRm., +m. ){1+($i+$ (2§Co)(”1£‘§R) )} . (50)

The first term, EFCywR? (m.+m.), is the current established in the
large vessel. Therefore, the current differs in the: capillary by the amount
equal to the second term.

Summary

(1) Under some assumptions, the distributions of potential and electric
charge in capillary are given by the equations (15)—(22) . . . . (Section 2.)

(2) The quantity of liquid flowed out electro-osmotically W’ is given by
the equation (40), and W’/zR? is expressed by the function of radius R.
The relation between permeability of membrane and electro-osmotic transfer
has already been pointed out® to be different from that given by the Helm-
holtz’s equation in which W’/zR? is constant for any R, although it is only
considered to be caused from the ‘ free-osmosis’’—that is, equivalent to
the first term in right hand member of equation (39). . . . . (Section 3.)

(1) A. Strickler and J. H. Mathews, J. Am. Chem. Soc., 44 (1922), 1647.
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(8) The current in capillary differs from that in the large vessel,
because of its non-uniform distribution of electric charge. This is given by
the equation (50). And, the relation between so-called surface conduction
and C-potential seems to be slight, as D.R. Briggs™ has stated. (Section 4.)

The writer wishes to express his hearty thanks to Prof. Setoh for his

kind advice.

Electrotechnical Laboratory,
Ministry of Communications, Shibaura, Tokyo.

(1) D. R. Briggs, ‘ Colloid Symposium I\i[onogra.pﬁ 7, 4 (1928), 41.



